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1. Introduction

Let (X, d) be a metric space. A self-mapping T on X is said to be Lipschitzian
if for any n ≥ 1, there exists kn ≥ 0 such that

d(Tnx, Tny) ≤ knd(x, y) (1.1)

for all x, y ∈ X. A Lipschitzian mapping T is called a k-uniformly Lipschitzian
(or, uniformly Lipschitzian) mapping (see, [17] and Section 8 of [18]) if kn ≤ k
for all n ≥ 1. In particular, T is said to be nonexpansive if k ≤ 1 and
contraction if k < 1. On the other hand, a self-mapping T on X is said to be
asymptotically regular (see, [5]) if

lim
n→∞ d(Tnx, Tn+1x) = 0

for all x ∈ X.
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In the 1970s, a relation between the concepts of nonexpansive map-
pings and asymptotically regular mappings (i.e., the concept of average map-
pings) has been used to approximate fixed points of nonexpansive mappings
in normed linear spaces (see, [3,15,26]). Since then, many researchers have
studied the existence of common fixed points of semigroups of asymptotical-
ly regular mappings equipped with some Lipschitzian conditions in Banach
spaces and metric spaces (see, [7,11–13,20,21,44,45] and the references there-
in). In particular, Górnicki [20] and Yao and Zeng [45] utilized geometrical
constants of metric spaces, namely the Lif̌sic constant κ(X) and the normal
structure constant ˜N(X).

Clearly, any Lipschitzian mapping T on X is continuous. Also, any con-
traction mapping T is asymptotically regular. But, in a more general situ-
ation, the class of nonexpansive mappings (or, more generally, the class of
continuous mappings) and the class of asymptotically regular mappings are
independent (see, e.g., Example 2.2 and Example 2.3 of [23], and Example 5.3
of [42]). Moreover, any continuous asymptotically regular mapping T on X
always has a fixed point, provided the Picard iteration {Tnx0} is convergent
(see, Proposition 1 of [15]).

Motivated by this fact, we investigate the existence of fixed points of
an asymptotically regular mapping, of which the iterations are not necessar-
ily continuous and it satisfies a certain condition that generalizes condition
(1.1). Precisely, in Sect. 3, we prove some common fixed point theorems
for (one-parameter) semigroups of asymptotically regular mappings which
satisfy certain generalized Lipschitzian conditions (see, Definition 2.1 and
Definition 2.2) in metric spaces. We utilize the normal structure constant
˜N(X) and the Lif̌sic constant κ(X) in Theorems 3.1 and 3.6, respectively.
Those theorems extend some common fixed point theorems for semigroups
of asymptotically regular mappings under condition (1.1), i.e., Theorem 3.2
of [45] and the theorem on page 55 of [20]. Using a technique that is different
from Theorem 3.2 of [24] and Theorem 3.1 and Theorem 3.2 of [25], The-
orem 3.1 extends those theorems to a more general class of semigroups, of
which the mappings are not necessarily continuous.

2. Preliminaries

In this section, we discuss some preliminary concepts which are needed in the
next section.

Let (X, d) be a metric space. The following concepts related to the
normal structure constant ˜N(X). Let M be a nonempty bounded subset of
X. We shall use the following notations.

r(x,M) = sup{d(x, y) : y ∈ M}, x ∈ X,

δ(M) = sup{r(x,M) : x ∈ M},

R(M) = inf{r(x,M) : x ∈ M}.

We note that δ(M) = diam(M), i.e. the diameter of M .
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The following concept of a convexity structure is contained in [39] and
it has been developed by Khamsi [27]. Let F be a nonempty family of subsets
of X. We say that F defines a convexity structure on X if for each nonempty
family {Mα : α ∈ I} ⊆ F , one has

⋂

α∈I

Mα ∈ F .

Moreover, a subset of X is said to be admissible (see, page 459 of [14]) if it
can be expressed as an intersection of closed balls. We denote A(X) as the
family of all admissible subsets of X. Obviously, A(X) defines a convexity
structure on X. In this work, we assume that any other convexity structure
defined by F on X always contains A(X).

For any bounded subset M of X, we denote cov(M) as the intersection
of all closed balls in X which contain M . Thus,

M ∈ A(X) ⇐⇒ M = cov(M).

The notation ad(M) is usually used to express the admissible hull of M . It is
defined as the intersection of all those admissible subsets of X which contain
M . Actually, it is easy to see that ad(M) = cov(M).

The following concept of a uniform normal structure is contained in [27]
and it is the metric space version of a concept due to Gillespie and Williams
[16]. A metric space (X, d) is said to have normal (resp. uniform normal)
structure (see, Definition 6 of [27]) if there exists a convexity structure defined
by F on X such that R(M) < δ(M) (resp. R(M) ≤ c · δ(M) for some
c ∈ (0, 1)) for all M ∈ F which is bounded and δ(M) > 0. In this case, F is
said to be normal (resp. uniformly normal).

The following notion is contained in [35] and it is the metric space
version of a notion due to Bynum [8]. The normal structure constant ˜N(X)
of X (with respect to a given convexity structure by F) (see, page 1232 of
[35]) is defined as the real number

sup
{

R(M)
δ(M)

: M ∈ F and M is bounded with δ(M) > 0
}

.

We note that δ(M) ≤ 2R(M) for any nonempty bounded subset M of X.
Thus, 1

2 ≤ ˜N(X) ≤ 1 for any metric space X. In particular, X has uniform
normal structure if and only if 1

2 ≤ ˜N(X) < 1. It is well known that for a hy-
perconvex metric space X, ˜N(X) = 1

2 (with respect to a convexity structure
defined by A(X)) because δ(M) = 2R(M) for all M ∈ A(X) with δ(A) > 0.
These values also apply in any R-tree (see, Proposition 3.1 of [30]). For more
detailed discussions related to the concept of normal structure constants and
their values, see [8,29,31,32,36] and the references therein.

For a metric space (X, d) we shall denote the closed ball of center x ∈ X
and radius r > 0 by B(x, r). The Lif̌sic constant κ(X) of X (see, [34]) is
defined as the real number
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sup

{

b > 0 :
∃a > 1 such that ∀x, y ∈ X and ∀r > 0, d(x, y) > r

⇒ ∃z ∈ X such that B(x, br) ∩ B(y, ar) ⊆ B(z, r)

}

. (2.1)

It is clear that κ(X) ≥ 1 for any metric space X.
We note that the exact value of κ(X) when X is an infinite-dimensional

Hilbert space, is given by κ(X) =
√

2 (see, Remark 1 of [43]), when X is a
nonreflexive Banach space, is given by κ(X) = 1 (see, Section 37.5 of [33]),
and when X is an R-tree, is given by κ(X) = 2 (see, Theorem 5 of [10] and
Theorem 3.16 of [1]). Moreover, if X is a Hilbert space (or, more generally,
a complete CAT(0) space), then κ(X) ≥

√
2 (see, e.g., Remark 1 of [43] and

Theorem 5 of [10]). For a more detailed discussion about the concept of the
Lif̌sic constant κ(X) and related constants in Banach spaces, see [2,13,43]
and the references therein.

From Lemma 1 of [43] we see that

R(M)κ(M) ≤ δ(M) (2.2)

for any bounded subspace M of X. If X is a singleton, then the set in (2.1)
is not bounded above, and also any mapping on X is the identity mapping.
By considering these facts, for the rest of this work we should assume that
X is not a singleton. Now, from (2.2) we can state that 1 ≤ κ(X) ≤ 2 for
any bounded metric space X.

Let us denote N(X) = 1
˜N(X)

, and let N̄(X) be a real number defined
by

N(X) = inf
{

δ(M)
r(M,X)

: M ∈ F and M is bounded with δ(M) > 0
}

,

where F defines the same convexity structure as for ˜N(X) and r(M,X) =
inf{r(x,M) : x ∈ X}. Using Lemma 1 of [43], we see that

max{κ(X), N(X)} ≤ N(X)

for any bounded metric space X.
We now turn to the discussion related to a semigroup of mappings for

which, in the next section, we investigate the existence of the common fixed
points. Let (X, d) be a metric space. Let G be an unbounded subset of [0,∞)
such that t + s, t − s ∈ G for all s, t ∈ G with t ≥ s (often, G = [0,∞) or
G = N ∪ {0}). A family of mappings T = {Tt : t ∈ G} from X into itself is
said to be a (one-parameter) semigroup on X if for any s, t ∈ G and x ∈ X
we have Ts+tx = TsTtx and T0x = x. A semigroup T = {Tt : t ∈ G} on X is
said to be asymptotically regular at a point x ∈ X if

lim
t→∞ d(Tt+hx, Ttx) = 0

for all h ∈ G. If T is asymptotically regular at each x ∈ X, then T is said
asymptotically regular on X.

Let T1 = {Tt : t ∈ G} be a semigroup on X. Assume that any Tt is a
Zamfirescu mapping (see, [46]). Then for any x, y ∈ X, at least one of the
following conditions is satisfied.

(i) d(Ttx, Tty) ≤ atd(x, y),
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(ii) d(Ttx, Tty) ≤ bt
2 (d(x, Ttx) + d(y, Tty)),

(iii) d(Ttx, Tty) ≤ ct
2 (d(x, Tty) + d(y, Ttx)),

where 0 ≤ at, bt, ct < 1. We now consider a semigroup T2 = {Tt : t ∈ G} on
X such that any mapping Tt satisfies at least one of conditions (i)–(iii) by
relaxing the assumption of the constants at, bt, and ct to be 0 ≤ at, bt, ct < ∞.
Then Tt is not necessarily a Lipschitzian mapping.

In the next section, we investigate the existence of common fixed points
of an asymptotically regular semigroup on X together with a semigroup T3 =
{Tt : t ∈ G} ⊆ T2, i.e., for any t ∈ G, there exists at least one of the constants
at, bt, ct ≥ 0 such that

(i′) d(Ttx, Tty) ≤ atd(x, y),
(ii′) d(Ttx, Tty) ≤ bt

2 (d(x, Ttx) + d(y, Tty)),
(iii′) d(Ttx, Tty) ≤ ct

2 max{d(x, Tty), d(y, Ttx)},

where x, y ∈ X. In Example 2.5, we give a simple example of a semigroup
of mappings which satisfies conditions (i′)–(iii′), but the mappings are not
continuous.

Motivated by the work of Rhoades [41], we may restate the semigroup
T3 as follows.

Definition 2.1. Let (X, d) be a metric space. A semigroup T = {Tt : t ∈ G}
on X is said to be generalized Lipschitzian type-1 if for any t ∈ G, there
exists kt ≥ 0 such that

d(Ttx, Tty)

≤ kt max
{

d(x, y),
1
2
(d(x, Ttx) + d(y, Tty)),

1
2
d(x, Tty),

1
2
d(y, Ttx)

}

(2.3)

for all x, y ∈ X.

From conditions (i′) and (iii′) on the definition of the semigroup T3, we
also consider the following generalized Lipschitzian type semigroup.

Definition 2.2. Let (X, d) be a metric space. A semigroup T = {Tt : t ∈ G}
on X is said to be generalized Lipschitzian type-2 if for any t ∈ G, there
exists kt ≥ 0 such that

d(Ttx, Tty) ≤ kt max
{

d(x, y),
1
2
d(x, Tty),

1
2
d(y, Ttx)

}

(2.4)

for all x, y ∈ X.

Remark 2.3. We see that every generalized Lipschitzian semigroup type-1
gives relatively sharper constants than generalized Lipschitzian semigroup
type-2. To see this, let (X, d) be a metric space and T = {Tt : t ∈ G} be a
generalized Lipschitzian semigroup type-2. We use notations kt

′ and kt
′′ to

denote the infimum of constants kt in inequalities (2.3) and (2.4), respectively.
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We have

d(Ttx, Tty)

≤ kt
′′ max

{

d(x, y),
1
2
d(x, Tty),

1
2
d(y, Ttx)

}

≤ kt
′′ max

{

d(x, y),
1
2
(d(x, Ttx) + d(y, Tty)),

1
2
d(x, Tty),

1
2
d(y, Ttx)

}

for any x, y ∈ X. From the definition of the constant kt
′, we obtain kt

′ ≤ kt
′′.

Moreover, for a certain case we have kt0
′ < kt0

′′ for some t0 ∈ G. Indeed, let
X = [0, 1] be a subspace of the usual metric space R. Let G = N ∪ {0} and
T = {Tn : n ∈ G} be a semigroup of mappings on X, where T0 = IX is the
identity mapping and Tn = Tn is the nth iteration of a mapping given by

Tx =

{

1 if x = 0
2
3 if x ∈ (0, 1].

We note that Tnx = 2
3 for all x ∈ X and n > 1, and |Tx − Ty| = 0 for all

x, y ∈ (0, 1]. It is easy to see that

k1
′′

= sup

{

|Tx − Ty|
max

{

|x − y|, 1
2 |x − Ty|, 1

2 |y − Tx|
} : x, y ∈ [0, 1], x �= y

}

.
(2.5)

From (2.5) and the definition of T we get

k1
′′ = sup

y∈(0,1]

|T0 − Ty|
max

{

|0 − y|, 1
2 |T0 − Ty|, 1

2 |y − T0|
}

≤
1
3

max
{

infy∈(0,1] y, 1
3 , 1

2 infy∈(0,1](1 − y)
} = 1.

There are also x, y ∈ [0, 1], i.e., x = 0 and y = 1
3 which satisfy

|Tx − Ty|
max

{

|x − y|, 1
2 |x − Ty|, 1

2 |y − Tx|
} = 1.

Thus, T is a generalized Lipschitzian semigroup type-2 with the constants
k1

′′ = 1 and kn
′′ = 0 for all n > 1. On the other hand, similar to the above
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case, by the definition of T we have

k1
′

= sup

{

|Tx − Ty|
max

{

|x − y|, 1
2 (|x − Tx| + |y − Ty|), 1

2 |x − Ty|, 1
2 |y − Tx|

}

: x, y ∈ [0, 1], x �= y

}

= sup
y∈(0,1]

|T0 − Ty|
max

{

|0 − y|, 1
2 (|0 − T0| + |y − Ty|), 1

2 |0 − Ty|, 1
2 |y − T0|

}

≤
1
3

max
{

infy∈(0,1] y, 1
2 infy∈(0,1]

(

1 +
∣

∣y − 2
3

∣

∣

)

, 1
3 , 1

2 infy∈(0,1](1 − y)
} =

2
3
.

Since we can find x, y ∈ X, i.e., x = 0 and y = 2
3 such that

|Tx − Ty|
max

{

|x − y|, 1
2 (|x − Tx| + |y − Ty|), 1

2 |x − Ty|, 1
2 |y − Tx|

} =
2
3
,

then T is also a generalized Lipschitzian semigroup type-1 with the constants
k1

′ = 2
3 and kn

′ = 0 for all n > 1. From this observation, we conclude that
k1

′ < k1
′′.

Remark 2.4. In the framework of Banach spaces, the study related to the
existence of common fixed points of a certain generalized Lipschitzian semi-
groups which is slightly different from Definition 2.1 has been discussed in
[37,38]. Razani and Goodarzi [40] have also investigated the problem of find-
ing a common fixed point of a certain generalized Lipschitzian semigroup,
i.e., the semigroup T = {Tn : n ∈ N ∪ {0}} on a nonempty closed convex
subset of a Banach space, where Tn is nth iteration of a quasi-contraction
mapping T (see, [9]) with the constants kn = k < 1

2 .

Example 2.5. Let X = [0, 1] be a subspace of the usual metric space R and
G = N∪ {0}. We define a semigroup T = {Tn : n ∈ G} of mappings on X as
the semigroup of iterations of a mapping given by

Tx =

{

γx if x ∈
[

0, 2
3

]

1 − x if x ∈
(

2
3 , 1

]

,

where γ ∈
(

0, 1
2

)

, and T0 = IX is the identity mapping. It is clear that for
any n ≥ 1, Tn is not continuous at 2

3 . Let n ≥ 1 be fixed. Then,

|Tnx − Tny| = γn|x − y| ∀x, y ∈
[

0,
2
3

]

and

|Tnx − Tny| = γn−1|x − y| ∀x, y ∈
(

2
3
, 1

]

.

If x ∈
[

0, 2
3

]

and y ∈
(

2
3 , 1

]

, then

|Tnx − Tny| = γn−1|γx − (1 − y)|. (2.6)
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Assume that γx ≤ 1 − y. From (2.6), we have

|Tnx − Tny| = γn−1(1 − y − γx) < γn−1

(

1
2
y − γx

)

≤ γn−1 1
2
(y − γnx) = γn−1 1

2
(y − Tnx).

For the case γx > 1 − y, from (2.6), we have

|Tnx − Tny| = γn−1(γx − (1 − y)) < γn−1

(

1
2
x − (1 − y)

)

≤ γn−1 1
2
(x − γn−1(1 − y)) = γn−1 1

2
(x − Tny).

From this observation, we obtain

|Tnx − Tny| ≤ γn−1 max
{

|x − y|, 1
2
|x − Tny|, 1

2
|y − Tnx|

}

.

Thus, T is a generalized Lipschitzian semigroup type-2 on X. Moreover, we
claim that T is asymptotically regular on X. Indeed, for any h ≥ 0, we have

lim
n→∞ |Th+nx − Tnx| = lim

n→∞ γn|γhx − x| = 0

for all x ∈
[

0, 2
3

]

, and

lim
n→∞ |Th+nx − Tnx| = lim

n→∞ γn−1|γh(1 − x) − (1 − x)| = 0

for all x ∈
(

2
3 , 1

]

.

Let (X, d) be a metric space and T = {Tt : t ∈ G} be a semigroup on
X. For the rest of this work, we denote ω(∞) as the set:

ω(∞) = {{tn} : {tn} in G such that {tn} increases monotonically to ∞} .

We give an important property of asymptotically regular and general-
ized Lipschitzian semigroups in the following lemma. This lemma is a slight
modification of Lemma 3.1 of [37] and thus, we do not write the proof as it
is an analogue.

Lemma 2.6. Let (X, d) be a metric space and T = {Tt : t ∈ G} be an asymp-
totically regular semigroup on X. Suppose that T is a generalized Lipschitzian
semigroup type-1 on X such that

lim
n→∞ ktn < 2,

where Ttnu → v as n → ∞ for some u, v ∈ X and {tn} ∈ ω(∞). Then,
Ttv = v for all t ∈ G.

We next discuss some concepts from the works of Lim and Xu [35] and
Yao and Zeng [45].

Definition 2.7. [35, Definition 5] A metric space (X, d) is said to have prop-
erty (P ) if for any two bounded sequences {xn} and {zn} in X, one can find
z ∈ ∩n≥1ad({zj : j ≥ n}) such that

lim sup
n→∞

d(z, xn) ≤ lim sup
j→∞

lim sup
n→∞

d(zj , xn).
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Remark 2.8. Lim and Xu noted that if X is a weakly compact convex subset
of a normed linear space, then X has property (P ) (see, the remark on page
1233 of [35]). We know that any compact metric space also has property (P ).
Another case of a metric space which has property (P ) is a complete CAT(0)
space (see, Theorem 8 of [10]).

The following concept of a property (∗) for semigroups was introduced
by Yao and Zeng [45]. The trivial case is, if a bounded metric space has
property (P ) then any semigroup on it possess this property.

Definition 2.9. [45, Definition 2.4] Let (X, d) be a metric space and T = {Tt :
t ∈ G} be a semigroup on X. A semigroup T is said to have property (∗) if
for each x ∈ X and {tn} ∈ ω(∞), the following conditions are satisfied:

(i) the sequence {Ttnx} is bounded,
(ii) for any sequence {zn} in ad({Ttnx : n ≥ 1}), there exists z ∈ ∩n≥1ad({zj :

j ≥ n}) such that

lim sup
n→∞

d(z, Ttnx) ≤ lim sup
j→∞

lim sup
n→∞

d(zj , Ttnx).

From the proof of Theorem 3.2 of [45] we formulate the following lemma.

Lemma 2.10. [45, page 159] Let {at}t∈G be a net of real numbers. Suppose
that lim inft→∞ at = a ∈ R. Then there exists a sequence {tn} ∈ ω(∞) such
that {atn} converges to a and {tn+1 − tn} ∈ ω(∞). Moreover,

{ati−tj : i > j ≥ n} ⊆ {at : tn+1 − tn ≤ t ∈ G}
for all n ≥ 1.

Lastly, we mention a lemma, which is important to the proof of Theo-
rem 3.1.

Lemma 2.11. [45, Lemma 3.1] Let (X, d) be a complete metric space with
uniform normal structure and T = {Tt : t ∈ G} be a semigroup on X with
property (∗). Then, for each x ∈ X, each {tn} ∈ ω(∞), and for any c̄ > ˜N(X)
( ˜N(X) is the normal structure constant with respect to a given convexity
structure by F), there exists z ∈ X satisfying the following properties:

(i) lim supn→∞ d(z, Ttnx) ≤ c̄ limn→∞ diam({Ttjx : j ≥ n}),
(ii) d(z, y) ≤ lim supn→∞ d(Ttnx, y) for all y ∈ X.

Remark 2.12. Yao and Zeng [45] actually stated Lemma 2.11 for the semi-
group T = {Tt : t ∈ G}, where Tt is continuous for all t ∈ G. But we see
from their proof that the continuity condition can be removed.

3. Main results

We now prove our first common fixed point result, which uses the normal
structure constant ˜N(X). Our result is more general than Theorem 3.2 of
[24] and Theorem 3.1 and Theorem 3.2 of [25]. Moreover, our technique of
proof is different and is not derived from the proofs of those theorems.
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Theorem 3.1. Let (X, d) be a complete bounded metric space with uniform
normal structure and T = {Tt : t ∈ G} be an asymptotically regular semi-
group on X with property (∗). Suppose that T is a generalized Lipschitzian
semigroup type-1 on X such that

(

lim inf
t→∞ kt

)

(

lim sup
t→∞

kt

)

<
[

˜N(X)
]−1

.

Then there exists z ∈ X such that Ttz = z for all t ∈ G.

Proof. Let us write

k = lim inf
t→∞ kt and k̂ = lim sup

t→∞
kt.

We first choose a sequence {tn} ∈ ω(∞) such that limn→∞ ktn = k. If k < 1,
then from the assumption, there exists tn∗ ∈ G such that Ttn∗ is a Zamfirescu
mapping. Theorem 1 of [46] ensures that there exists a unique z ∈ X such
that Ttn∗ z = z. Following the idea of Bryant [6], we see that Ttz = z for all
t ∈ G. For the rest of the proof, we should consider k ≥ 1.

Note that, since ˜N(X) ≥ 1
2 then

k̂ <
1

˜N(X)k
≤ 2

k
≤ 2.

Using Lemma 2.10, we may assume that the sequence {tn} has properties:

{tn+1 − tn} ∈ ω(∞)

and

{kti−tj : i > j ≥ n} ⊆ {kt : tn+1 − tn ≤ t ∈ G}

for all n ≥ 1. Let x ∈ X be fixed and c̄ be a positive number satisfying

kk̂ <
1
c̄

<
[

˜N(X)
]−1

.

Using Lemma 2.11, it is possible to construct a sequence {xm} in X induc-
tively with properties: x0 = x and for any m ≥ 0,

(a) lim supn→∞ d(xm+1, Ttnxm) ≤ c̄ limn→∞ diam({Ttjxm : j ≥ n}),
(b) d(xm+1, y) ≤ lim supn→∞ d(Ttnxm, y) for all y ∈ X.

Let us write η = c̄kk̂ < 1 and

dm = lim sup
n→∞

d(Ttnxm, xm+1)

for all m ≥ 0.
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We shall show that dm ≤ ηdm−1 for all m ≥ 1. Let m ≥ 1 be fixed.
Observe that for each i > j ≥ 1,

d(Ttixm, Ttjxm)

= d(Ttjxm, TtjTti−tjxm)

≤ ktj max
{

d(xm, Tti−tjxm),
1
2
(

d(xm, Ttjxm) + d(Tti−tjxm, TtjTti−tjxm)
)

,

1
2
d(xm, TtjTti−tjxm),

1
2
d(Tti−tjxm, Ttjxm)

}

= ktj max
{

d(xm, Tti−tjxm),
1
2
(

d(xm, Ttjxm) + d(xm, Ttixm)
)

,

1
2
d(Tti−tjxm, Ttjxm),

1
2
d(Tti−tjxm, Ttixm)

}

.

Therefore,

lim
n→∞ sup

i>j≥n
d(Ttixm, Ttjxm)

≤
(

lim
n→∞ sup

j≥n
ktj

)

max
{

lim
n→∞ sup

i>j≥n
d(xm, Tti−tjxm),

1
2

lim
n→∞ sup

i>j≥n

(

d(xm, Ttjxm) + d(xm, Ttixm)
)

,

1
2

lim
n→∞ sup

i>j≥n
d(Tti−tjxm, Ttixm),

1
2

lim
n→∞ sup

i>j≥n
d(Tti−tjxm, Ttjxm)

}

≤ k max
{

lim
n→∞ sup

i>j≥n
d(xm, Tti−tjxm),

1
2

(

lim
n→∞ sup

j≥n
d(xm, Ttjxm) + lim

n→∞ sup
i≥n

d(xm, Ttixm)
)

,

1
2

lim
n→∞ sup

i>j≥n
d(Tti−tjxm, Ttixm),

1
2

lim
n→∞ sup

i>j≥n
d(Tti−tjxm, Ttjxm)

}

= k max
{

lim
n→∞ sup

i>j≥n
d(xm, Tti−tjxm), lim sup

j→∞
d(xm, Ttjxm),

1
2

lim
n→∞ sup

i>j≥n
d(Tti−tjxm, Ttixm),

1
2

lim
n→∞ sup

i>j≥n
d(Tti−tjxm, Ttjxm)

}

.

(3.1)

To derive inequality (3.1), we need to calculate each element of the set on
the right side of this inequality.
Claim 1

lim
n→∞ sup

i>j≥n
d(xm, Tti−tjxm) ≤ k̂dm−1.

Proof of Claim 1 Using (b) we have

d(xm, Tti−tjxm) ≤ lim sup
p→∞

d(Ttpxm−1, Tti−tjxm). (3.2)
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Using the asymptotic regularity of T , observe that for each i > j ≥ 1,

lim sup
p→∞

d(Ttpxm−1, Tti−tjxm)

≤ lim sup
p→∞

(

d(Ttpxm−1, TtpTti−tjxm−1) + d(Tti−tjTtpxm−1, Tti−tjxm)
)

≤ kti−tj max
{

lim sup
p→∞

d(Ttpxm−1, xm),
1
2
d(xm, Tti−tjxm),

1
2

lim sup
p→∞

d(Ttpxm−1, Tti−tjxm),
1
2

lim sup
p→∞

d(xm, Tti−tjTtpxm−1)
}

.

Next, using (b) and the asymptotic regularity of T , from the last inequality,
we have

lim sup
p→∞

d(Ttpxm−1, Tti−tjxm)

≤ kti−tj max
{

dm−1,
1
2

lim sup
p→∞

d(Ttpxm−1, Tti−tjxm),

1
2

(

lim sup
p→∞

d(xm, Ttpxm−1) + lim sup
p→∞

d(Ttpxm−1, TtpTti−tjxm−1)
)}

= kti−tj max
{

dm−1,
1
2

lim sup
p→∞

d(Ttpxm−1, Tti−tjxm)
}

.

Therefore,

lim
n→∞ sup

i>j≥n
lim sup

p→∞
d(Ttpxm−1, Tti−tjxm)

≤
(

lim
n→∞ sup

tn+1−tn≤t∈G
kt

)

· max
{

dm−1,
1
2

lim
n→∞ sup

i>j≥n
lim sup

p→∞
d(Ttpxm−1, Tti−tjxm)

}

= k̂ max
{

dm−1,
1
2

lim
n→∞ sup

i>j≥n
lim sup

p→∞
d(Ttpxm−1, Tti−tjxm)

}

.

(3.3)

Let

1
2

lim
n→∞ sup

i>j≥n
lim sup

p→∞
d(Ttpxm−1, Tti−tjxm)

be the maximum. Using the fact that k̂ < 2, from (3.2), we obtain

lim
n→∞ sup

i>j≥n
lim sup

p→∞
d(Ttpxm−1, Tti−tjxm) = 0.

Thus, from the assumption we get dm−1 = 0. Lemma 2.6 ensures xm as the
common fixed point of T . Thus, the only case that has to be verified is the
maximum of the set in (3.3) is dm−1. In this case, from (3.2) and (3.3), we
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obtain
lim

n→∞ sup
i>j≥n

d(xm, Tti−tjxm)

≤ lim
n→∞ sup

i>j≥n
lim sup

p→∞
d(Ttpxm−1, Tti−tjxm)

≤ k̂dm−1.

(3.4)

For the calculation of the second element of the set in (3.1), we see that
by replacing Tti−tj in Claim 1 by Ttj and using a similar argument as in the
proof of Claim 1,

lim sup
j→∞

d(xm, Ttjxm) ≤ kdm−1 ≤ k̂dm−1. (3.5)

For the third one, from (3.4) and (3.5), we have

lim
n→∞ sup

i>j≥n
d(Tti−tjxm, Ttixm)

≤ lim
n→∞ sup

i>j≥n
d(xm, Tti−tjxm) + lim sup

i→∞
d(xm, Ttixm)

= lim
n→∞ sup

i>j≥n
d(xm, Tti−tjxm) + lim sup

j→∞
d(xm, Ttjxm)

≤ 2k̂dm−1.

(3.6)

For the case of the last element, we calculate from (3.4) and (3.5),

lim
n→∞ sup

i>j≥n
d(Tti−tjxm, Ttjxm)

≤ lim
n→∞ sup

i>j≥n
d(xm, Tti−tjxm) + lim sup

j→∞
d(xm, Ttjxm)

≤ 2k̂dm−1.

(3.7)

It follows from (3.1), (3.4), (3.5), (3.6), and (3.7) that

lim
n→∞ sup

i>j≥n
d(Ttixm, Ttjxm) ≤ kk̂dm−1. (3.8)

Using inequality (3.8), condition (a) implies

dm ≤ c̄ lim
n→∞ diam({Ttjxm : j ≥ n})

= c̄ lim
n→∞ sup

{

{d(Ttixm, Ttjxm) : i > j ≥ n} ∪ {0}
}

= c̄ lim
n→∞ sup

i>j≥n
d(Ttixm, Ttjxm)

≤ c̄kk̂dm−1.

Thus,

dm ≤ ηdm−1. (3.9)

Moreover, since (3.9) holds for all m ≥ 1, then by an induction one can easily
see that

dm ≤ ηmd0 → 0 as m → ∞. (3.10)
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By replacing Ttj in (3.5) by Ttq , we have

d(xm, xm+1) ≤ lim sup
q→∞

d(xm, Ttqxm) + lim sup
q→∞

d(Ttqxm, xm+1)

≤ k̂dm−1 + dm

≤ (k̂ηm−1 + ηm)d0

(3.11)

for all m ≥ 1. From (3.10) and (3.11), we see that {xm} is a Cauchy sequence
and thus, it is convergent. Let z = limm→∞ xm. For any q,m ≥ 1, we have

d(z, Ttqz)

≤ d(z, xm) + d(xm, Ttqxm) + d(Ttqxm, Ttqz)

≤ d(z, xm) + d(xm, Ttqxm)

+ ktq max
{

d(xm, z),
1
2

(

d(xm, Ttqxm) + d(z, Ttqz)
)

,

1
2

(

d(xm, z) + d(z, Ttqz)
)

,
1
2

(

d(xm, z) + d(xm, Ttqxm)
)

}

.

(3.12)

Using the same argument as in (3.11), we take the limit superior as q → ∞
into (3.12) to obtain

lim sup
q→∞

d(z, Ttqz)

≤ d(xm, z) + k̂dm−1

+ k̂ max
{

d(xm, z),
1
2

(

k̂dm−1 + lim sup
q→∞

d(z, Ttqz)
)

,

1
2

(

d(xm, z) + lim sup
q→∞

d(z, Ttqz)
)

,
1
2
(

d(xm, z) + k̂dm−1

)

}

.

(3.13)

Moreover, by taking the limit as m → ∞ into (3.13) we get

lim sup
q→∞

d(z, Ttqz) ≤ k̂

2
lim sup

q→∞
d(z, Ttqz).

Since k̂ < 2, we conclude that limq→∞ d(Ttqz, z) = 0. Finally, Lemma 2.6
ensures Ttz = z for all t ∈ G. �

Remark 3.2. Theorem 3.1 extends Theorem 3.2 of [45], Theorem 3.2 of [24],
and Theorem 3.1 and Theorem 3.2 of [25] to a more general class of semi-
groups, of which the mappings are not necessarily continuous.

From Remark 2.8 and Theorem 3.1, we have the following corollaries.

Corollary 3.3. Let C be a nonempty weakly compact convex subset of a Ba-
nach space X with uniform normal structure and T = {Tt : t ∈ G} be an
asymptotically regular semigroup on C. Suppose that T is a generalized Lip-
schitzian semigroup type-1 such that

(

lim inf
t→∞ kt

)

(

lim sup
t→∞

kt

)

<
[

˜N(X)
]−1

.

Then there exists z ∈ X such that Ttz = z for all t ∈ G.
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Corollary 3.4. Let (X, d) be a complete bounded CAT(0) space and T = {Tt :
t ∈ G} be an asymptotically regular semigroup on X. Suppose that T is a
generalized Lipschitzian semigroup type-1 such that

(

lim inf
t→∞ kt

)

(

lim sup
t→∞

kt

)

<
[

˜N(X)
]−1

.

Then there exists z ∈ X such that Ttz = z for all t ∈ G.

Remark 3.5. Some values of the constant ˜N(X) in Corollary 3.3 can be found
in [8,32,36] and the references therein. Furthermore, there are some common
fixed point theorems for asymptotically regular semigroups in Banach spaces
by utilizing the constant ˜N(X), for example, see [19,47]. Unfortunately, the
proofs of Theorem 3 of [19] and Theorem 2.1 and Theorem 3.1 of [47] seem
not correct, because the inequality

lim
n→∞ sup{‖xi − xj‖ : i, j ≥ n} ≤ lim sup

i→∞
lim sup

j→∞
‖xi − xj‖

is false (see, Remark 12 of [22]). Regarding Corollary 3.4, the metric space
X has uniform normal structure with ˜N(X) ≤ 1/

√
2 (see, page 765 of [10]).

In particular, ˜N(X) = 1
2 when X is an R-tree (see, Proposition 3.1 of [30]).

Recently, Khamsi and Shukri [29] generalized the notion of CAT(0) spaces
and proved a fixed point theorem for uniformly Lipschitzian mappings. By
considering some results in [29] and by modifying the proof of Theorem 3.1,
one can investigate the structure of fixed point sets of asymptotically regular
semigroups in generalized CAT(0) spaces.

In the following result, we use some properties of the generalized Lip-
schitzian condition type-2 and the Lif̌sic constant κ(X) to remove the as-
sumptions of uniform normal structure of the space and property (∗) of the
semigroup in Theorem 3.1.

Theorem 3.6. Let (X, d) be a complete bounded metric space and T = {Tt :
t ∈ G} be an asymptotically regular semigroup on X. Suppose that T is a
generalized Lipschitzian semigroup type-2 on X such that

lim inf
t→∞ kt < κ(X).

Then there exists z ∈ X such that Ttz = z for all t ∈ G.

Proof. We first choose {tn} ∈ ω(∞) such that

lim inf
t→∞ kt = lim

n→∞ ktn = k < κ(X).

If κ(X) = 1, then we use a similar argument to that of the proof of Theo-
rem 3.1 to obtain the existence of a common fixed point of T . For the rest
of the proof, we consider κ(X) > 1 and k ≥ 1. Since X is bounded, then for
each y ∈ X we can define a nonnegative real number r(y) by

r(y) = inf
{

R > 0 : ∃x ∈ X, lim sup
n→∞

d(Ttnx, y) ≤ R

}

.

Claim 1 If r(y) = 0, then y is a common fixed point of T .
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Proof of Claim 1 Let {sr} be a subsequence of {tn} such that supr≥1 ksr
=

δ < 2. For any ε > 0 we choose x ∈ X such that lim supn→∞ d(Ttnx, y) < ε.
Then using the asymptotic regularity of T , for any r ≥ 1, we have

d(Tsr
y, y)

≤ lim sup
n→∞

(d(Tsr
y, Tsr+tnx) + d(Tsr+tnx, Ttnx) + d(Ttnx, y))

≤ lim sup
n→∞

d(Tsr
y, Tsr+tnx) + lim sup

n→∞
d(Ttnx, y)

< ε + ksr
max

{

lim sup
n→∞

d(Ttnx, y),

1

2
lim sup
n→∞

(d(y, Ttnx) + d(Ttnx, Tsr+tny)) ,
1

2
lim sup
n→∞

(d(Ttnx, y) + d(y, Tsr
y))

}

< ε + δ max

{

ε,
1

2
(ε + d(Tsr

y, y))

}

.

It follows that

d(Tsr
y, y) < ε + δ

(

3
2
ε +

1
2
d(Tsr

y, y)
)

. (3.14)

Since δ < 2, from (3.14) we obtain

d(Tsr
y, y) <

(

2
2 − δ

)(

1 +
3δ

2

)

ε → 0 as ε ↓ 0.

Thus, Tsr
y = y for all r ≥ 1. The asymptotic regularity of T ensures that

d(Tty, y) = lim
r→∞ d(TtTsr

y, Tsr
y) = 0

for all t ∈ G. It is evidence that y is the common fixed point of T .
Assume that r(y) > 0. Let a and b be constants associated with the

definition of the Lif̌sic constant κ(X), where b ∈ (k, κ(X)). Choose λ ∈ (0, 1)
such that

γ = min

{

aλ,

√

bλ

k

}

> 1.

Then denote Ry = lim supn→∞ d(Ttny, y). We may assume that Ry > 0.
Otherwise, y is the common fixed point of T according to Lemma 2.6. From
the definition of r(y), it is clear that λr(y) < Ry. Therefore, using the fact
that k < 2 we can choose n0 ≥ 1 such that

λr(y) < d(y, Ttn0
y) (3.15)

and

ktn0
< min{kγ, 2}. (3.16)

From the definition of r(y), we can also choose R′ ∈ (r(y), γr(y)) such that

lim sup
n→∞

d(Ttnx, y) ≤ R′ < γr(y) (3.17)
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for some x ∈ X. Then for any n ≥ 1, we have

d(Ttnx, Ttn0
y)

≤ d(Ttnx, Ttn+tn0
x) + d(Ttn+tn0

x, Ttn0
y)

≤ d(Ttnx, Ttn+tn0
x) + ktn0

max

{

d(Ttnx, y),

1
2
d(Ttnx, Ttn0

y),
1
2

(

d(y, Ttnx) + d(Ttnx, Ttn+tn0
x)

)

}

.

(3.18)

By taking the limit superior as n → ∞ into (3.18), and then, using the
asymptotic regularity of T and (3.17) we see that

lim sup
n→∞

d(Ttnx, Ttn0
y) < ktn0

max
{

γr(y),
1
2

lim sup
n→∞

d(Ttnx, Ttn0
y)

}

.(3.19)

Let
1
2

lim sup
n→∞

d(Ttnx, Ttn0
y)

be the maximum. Using (3.16), from (3.19) we obtain

lim sup
n→∞

d(Ttnx, Ttn0
y) <

ktn0

2
lim sup

n→∞
d(Ttnx, Ttn0

y),

a contradiction. Thus, inequality (3.18) can be derived into the following
inequality:

lim sup
n→∞

d(Ttnx, Ttn0
y) < kγ2r(y). (3.20)

Now, from (3.17) and (3.20) we choose n1 ≥ 1 such that for any n ≥ n1,

Ttnx ∈ B(y, γr(y)) ∩ B
(

Ttn0
y, kγ2r(y)

)

⊆ B(y, aλr(y)) ∩ B
(

Ttn0
y, bλr(y)

)

.

According to the definition of constants a and b above, we ensure by (3.15)
that there exists w = w(y) ∈ X such that

d(Ttnx,w) ≤ λr(y) ∀n ≥ n1. (3.21)

It follows from (3.21) and (3.17) that

r(w) ≤ λr(y)

and
d(w, y) ≤ lim sup

n→∞
d(Ttnx,w) + lim sup

n→∞
d(Ttnx, y)

≤ λr(y) + γr(y) = μr(y),

where μ = λ + γ.
We process the above procedure to obtain a sequence {wm} in X with

w0 = y and wm = w(wm−1) such that

r(wm) ≤ λmr(w0) → 0 as m → ∞
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and

d(wm+1, wm) ≤ μr(wm) ≤ λmμr(w0).

This, in turn, implies that {wm} is a Cauchy sequence and thus, it is con-
vergent. Let z be the limit of {wm}. Let ε > 0 be fixed. For sufficiently
large m we choose xm, wm ∈ X such that lim supn→∞ d(Ttnxm, wm) < ε

2 and
d(wm, z) < ε

2 . We may assume lim supn→∞ d(Ttnxm, wm) > 0. Otherwise,
wm is the common fixed point of T according to Lemma 2.6. Then, we have

lim sup
n→∞

d(Ttnxm, z) ≤ lim sup
n→∞

d(Ttnxm, wm) + d(wm, z) < ε,

which implies r(z) = 0. As in Claim 1, we get Ttz = z for all t ∈ G. �

Remark 3.7. Comparing to the theorem on page 55 of [20], Theorem 3.6 ex-
tends it in two aspects: (1) the concept of a family of iterations of mapping is
replaced by the concept of a one-parameter semigroup; (2) the exact Lipschitz
constant assumption is replaced by the corresponding generalized Lipschitz
constant.

Remark 3.8. Let X = [0, 1] be a subspace of the usual metric space R and
T be the semigroup defined in Example 2.5. By Proposition 4.1 of [28] we
see that R is a hyperconvex metric space. Since X is admissible, then by
Proposition 4.5 of [28] we deduce that X is hyperconvex. Thus, ˜N(X) = 1

2 .
Moreover, Remark 2.8 shows that X has property (P ). It follows immedi-
ately that T has property (∗). Thus, all the assumptions of Theorem 3.1 are
satisfied with lim supn→∞ kn = lim supn→∞ γn−1 = 0. On the other hand,
since the metric space X is hyperconvex, then we see from page 5 of [4] and
Theorem 3.2 of [30] that X is an R-tree. Therefore, κ(X) = 2. Thus, all the
assumptions of Theorem 3.6 are also satisfied with lim infn→∞ kn = 0. Note
that, the semigroup T in Example 2.5 cannot be employed by Theorem 3.2
of [45], Theorem 3.2 of [24], and Theorem 3.1 and Theorem 3.2 of [25]. Also,
the mapping T in Example 2.5 cannot be employed by the theorem on page
55 of [20].

Remark 3.9. Lastly, we note here that conditions (a) and (c) in the proof
of the main result of Yao and Zeng, i.e., Theorem 3.2 of [45] actually are
equivalent. In a more general situation, we have the following claim. Let
(X, d) be a metric space and {xn} be a bounded sequence in X. Let us
denote

A =
⋂

n≥1

ad({xi : i ≥ n}).

We claim that z ∈ A if and only if

d(z, y) ≤ lim sup
n→∞

d(xn, y)

for all y ∈ X. Since the implication has been proved on page 1233 of [35],
then we just need to prove the converse. Let us denote An = {xi : i ≥ n} for
all n ≥ 1. There are two possible cases.
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Case 1 There exists n′ ≥ 1 with An′ is a singleton. We write An′ = {x∗}. It
is easy to see that x∗ ∈ A. Moreover, from the assumption we have

d(z, y) ≤ lim sup
n→∞

d(xn, y) = d(x∗, y)

for all y ∈ X. In particular, d(z, x∗) ≤ d(x∗, x∗) = 0. It is evidence that
z ∈ A.
Case 2 An consists of more than one point for any n ≥ 1. From the assump-
tion, for any n ≥ 1 and y ∈ X we have

d(z, y) ≤ sup{d(xi, y) : i ≥ n} = r(y,An).

Therefore, z ∈ B(y, r(y,An)). It follows that

z ∈
⋂

y∈X

B(y, r(y,An)).

Using Proposition 5.3.(1) of [28] we immediately obtain z ∈ cov(An) and
thus, z ∈ ad(An) for all n ≥ 1. Hence,

z ∈
⋂

n≥1

ad(An) =
⋂

n≥1

ad({xi : i ≥ n}).
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